
Extreme Mechanics Letters 12 (2017) 77–85
Contents lists available at ScienceDirect

Extreme Mechanics Letters

journal homepage: www.elsevier.com/locate/eml

Design of cut unit geometry in hierarchical kirigami-based auxetic
metamaterials for high stretchability and compressibility
Yichao Tang, Jie Yin ∗

Applied Mechanics of Materials Laboratory, Department of Mechanical Engineering, Temple University, 1947 North 12th Street,
Philadelphia, PA 19122, USA

a r t i c l e i n f o

Article history:
Received 2 March 2016
Received in revised form
5 July 2016
Accepted 15 July 2016
Available online 30 July 2016

Keywords:
Kirigami
Auxetic metamaterial
Hierarchy
High stretchability
Compressibility

a b s t r a c t

Westudied themechanical response of a recently developednewclass ofmechanicalmetamaterials based
on the paper art of cutting, kirigami. Specially, the geometrical and structural design of representative cut
units, via combined line cut, cut-out, and hierarchy of the structure, was explored for achieving both
extreme stretchability and/or compressibility in kirigami metamaterials through experiments, alongside
geometrical modeling and finite element simulations. The kirigami design was tested on constituent
materials including non-stretchable copy papers and highly stretchable silicone rubber to explore the role
of constituent material properties. The cut unit in the shape of solid rectangles with the square shape as a
special case was demonstrated for achieving the extreme stretchability via rigid rotation of cut units. We
found that compared to the square cut units, the theoretically predicted maximum stretchability via unit
rotation in rectangle units (aspect ratio 2:1) increased dramatically from about 41% to 124% for the level 1
cut structure without hierarchy, and from about 62% to 156% for the level 2 hierarchical cut structure,
which was validated by both experiments and simulations. To demonstrate the achievement of both
extreme stretchability and compressibility, we replaced the solid square cut units with porous squares
and re-entrant lattice shapes in silicone rubber based metamaterials. We found that a porous structure
can enable an extreme compressibility of as high as 81%.

© 2016 Elsevier Ltd. All rights reserved.
1. Introduction

Mechanical metamaterials [1] are attracting increasing interest
in scientific research and engineering innovation due to their un-
precedented physical properties [2–7], arising from the geomet-
rical arrangement of their periodic unit cells. Upon deformation,
mechanical metamaterials can be reconfigured beyond their origi-
nal designs [8–14], offering an enhanced flexibility in performance
by coupling dynamically changing structural configurations with
tunable physical properties [15].

Very recently, kirigami (‘‘kiri’’ means cut), art of paper cutting,
is becoming an emerging research frontier due to its broad
potential applications in design of pluripotent materials [16,
17], stretchable and conformable electronics [18], stretchable
energy storage devices [19], optical tracking in solar cells [20],
acoustic filters [21], and 3-D mesostructures fabrication [22]. By
introducing hierarchical line cuts into thin sheets of elastomer,
we and other researchers [18,23] showed that hierarchical cuts
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can generate highly stretchable, super-conformable, and ultra-
soft reconfigurable metamaterials [18,23], which exhibit highly
nonlinear stress–strain behaviors resulting from the hierarchically
cut structure rather than their constituent material [23]. The
underlying mechanism lies in the fact that stretching deformation
in the cut structure is largely accommodated by the rigid
rotation of cut units, rather than severely deforming the cut units
themselves [18,23].

Despite the recent advancement, limitations and challenges
remain. First, since the extraordinary properties in the cut-based
metamaterials are mainly determined by the rotation of cut
units [18,23], the order of rotational symmetry in the geometry of
cut units will play an important role in determining the structural
configuration governed mechanical behaviors of hierarchical
kirigami metamaterials, including the extreme stretchability and
tunable Poisson’s ratio, which remain to be exploited. Second,
the line cuts can only generate stretchable metamaterials [18,23].
The non-compressibility beyond their original cut configurations
will largely hinder their potential applications in stretchable
electronics [9] and other conditions, where both stretchability
and compressibility are often experienced and required for
functionality.
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Fig. 1. Evolution of structural reconfiguration in hierarchical paper kirigami metamaterials constructed from rectangle (a–b) and square (c–d) cut units with the stretching
along y-axis. (a) and (c): level 1 structure; (b) and (d): level 2 structure. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)
Here, we first explore the design of a more generalized
rectangular cut unit in hierarchical metamaterials for achieving
the extreme stretchability through rigid rotation of cut units
(Fig. 1(a)–(b)), where square cut units [18,23] will become a
special case in this work. We find that compared to square
units, rectangle cut units can significantly enhance their extreme
stretchability by more than three folds (for the case of aspect
ratio 2:1) depending on the shape anisotropy of rectangles, as
well as greatly extend the stretching strain range for exhibited
auxetic behavior. Furthermore, we study the combined line cuts
and cut-outs to circumvent the limitation of non-compressibility
in cut-based stretchable metamaterials. We find that in addition
to the stretchability provided by line cuts, the cut-outs enable
the compressibility upon compacting the cut-outs via buckling,
allowing the realization of both stretchability and compressibility
in one structure at the same time.

2. Stretchable hierarchical paper kirigamimetamaterials: rect-
angular vs. square cut unit

Fig. 1(a) shows a level 1 kirigami metamaterial consisting of
a thin sheet of copy paper with prescribed patterned cuts via a
laser cutter, where orthogonal cuts divide a rectangle unit cell into
4 connected sub-squares and the aspect ratio of the rectangle m,
i.e. the ratio of its length a to width b, is set to be 2. A hierarchical
structure with self-similarity can be constructed by repeating the
same cuts in each sub-level of the rectangular units, leading to a
level 2 (Fig. 1(b)) and higher-level hierarchical structure. Similarly,
when the aspect ratio m is set to be 1, i.e. m = 1, the rectangle
shape reduces to square, generating a hierarchical square-cut unit
based kirigami metamaterial (Fig. 1(c)–(d)).
As demonstrated in Fig. 1, stretching the kirigami structures
vertically led to the lateral expansion, exhibiting an auxetic
behavior with a negative Poisson’s ratio. Upon stretching, each
cut unit rotated around its hinges, i.e. the cut tip on its corner,
to generate expandable structures. Upon stretching the level
1 structure, the line cuts in rectangle cut units evolved into
orthogonal rhombus pores with both small (blue) and large sizes
(red) (2nd row of Fig. 1(a)) whereas uniform pores in square cut
units (2nd row of Fig. 1(c)). Both structures expanded laterally
through the rotation of cut units. With further stretching, a
polarization orientation switch from x to y axis was observed in
the distribution of rhombus pores for rectangular cuts (4th row of
Fig. 1(a)) but not in the case of square cuts (3rd row of Fig. 1(c)).
Here the orientation is defined as the direction along the long
diagonal of a large rhombus. A more complex evolution of pore
shapes and sizes with the stretching strain was observed in level
2 structures (Fig. 1(b) and (d)).

Meanwhile, hierarchical cuts can make a non-stretchable and
non-shearable paper sheet become highly stretchable through
rigid rotation of cut units. The last row in each column of
Fig. 1 shows the expanded structural configuration right before
failure, i.e. the rupture of hinges. Fig. 2 summarizes the failure
strain for both square and rectangle cut units based hierarchical
metamaterials. It shows that either increasing the hierarchical
level of cut structures or increasing the aspect ratio of cut units
leads to an enhancedmaximumstretchability. However, compared
to increase the hierarchical level, increasing the aspect ratio m of
cut units can dramatically enhance the maximum stretchability.
Whenmwas increased from1 to 2,we observed an over three folds
increase in the maximum stretchability in level 1 structure from
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Fig. 2. Measured maximum stretchable strain in level 1 and level 2 paper kirigami
metamaterials constructed from square and rectangle cut units.

Fig. 3. (a–c) Schematic illustration of polarization switch from x-polarized (b) to
y-polarized (c) in level 1 rectangle cut-unit based metamaterials with the increase
of stretching along y-axis. x-polarized and y-polarized states correspond to a locked
configuration with the maximum stretchability when the diagonal of cut units
(dashed lines) aligns with x- and y-axis, respectively. (d–e) Schematic illustration
of simultaneous polarization in both x and y-axis in level 1 square cut-unit based
metamaterials with the increase of stretching along y-axis, showing the absence of
polarization switch with a locked structural configuration in both directions (e).

about 40% in square units to about 124% in rectangle units. Similar
two folds increase was found in the level 2 structures, showing
the dramatic influence of cut unit geometries on the maximum
stretchability of kirigami metamaterials.

3. Geometrical modeling of stretchable hierarchical kirigami
metamaterials

To better understand the mechanical behavior of hierarchical
paper kirigami metamaterials, we developed a geometrical model
to predict both the auxetic behavior and the maximum stretcha-
bility observed in the experiments. In the geometrical modeling,
each cut unit/subunit is assumed to be a rigid body and connected
through hinges. The cut unit is assumed to rotate freely around
its hinges with vanishing spring stiffness without considering the
bending and stretching deformation in real materials and possible
materials failure.

3.1. Level 1 cut structure

For level 1 structure (Fig. 3(a)), it has one degree of freedom
and can be well defined by the opening angle (θ ) in Fig. 3(b). The
nominal strains of level-1 structure along the x- (εLvl−1

x ) and y-axis
(εLvl−1

y ) can be given by:
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The Poisson’s ratio υLvl−1 can be readily given by

υLvl−1
= −

dεLvl−1
x

dεLvl−1
y

= −
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x /dθ
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y /dθ

=
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m cos (θ/2) − sin (θ/2)

. (3)

From Eq. (3), it can be seen that when m = 1, i.e. square cut units,
υLvl−1 is constant with υLvl−1

= −1, which is independent of the
stretching strain. However, for m ≠ 1, υ varies with the opening
angle θ , i.e. the applied stretching strain, demonstrating the large
influence of the cut geometry on the auxetic behavior.

The observed polarization switch from x-axis to y-axis in
the rectangle cut unit (Fig. 1(a)) implies that there must exist
a maximum lateral strain during the transition, which can
be obtained mathematically by finding the maximum value of
nominal strain along the x-axis εLvl−1

x in Eq. (1). dεLvl−1
x /dθ = 0

gives the opening angle θ Lvl−1
x−max at which the maximum lateral

strain εLvl−1
x−max occurs, i.e.

θ Lvl−1
x−max = π − 2 tan−1 (m) (4)

εLvl−1
x−max =

2m
√
m2 + 1

− 1. (5)

Geometrically, the opening angle in Eq. (4) corresponds to a
special geometrical configuration as shown in Fig. 3(b), where
the diagonals of rectangle cut units will be in alignment with the
x-axis. Physically, such a structural configuration is in a locked
deformation state, which cannot be further stretched horizontally
due to its infinite stiffness along the x-axis, thus, Eq. (5) represents
the maximum stretchable strain through rigid rotation of cut units
along the x-axis for the cut-structure.We refer this state as being x-
polarized, which defines a critical transition state of zero Poisson’s
ratio in terms of Eq. (3) with dεLvl−1

x /dθ = 0, where the Poisson’s
ratio transits from an initial negative value to a positive value with
the increase of applied stretching strain.

Since the uniaxial stretching strain is applied along the y-axis,
the structural configuration in Fig. 3(b) can be further stretched
vertically until the diagonals of rectangles become in alignment
with the stretching direction, y-axis (Fig. 3(c)), where the structure
will become locked along the y-axis, achieving its maximum
stretchable strain εLvl−1

y along the y-axis. The corresponding
maximum opening angle θ Lvl−1

y can be found either geometrically
from the simple geometry of aligned diagonals as shown in Fig. 3(c)
or mathematically from dεLvl−1

y /dθ = 0, which gives

θ Lvl−1
y−max = π − θ Lvl−1

x−max = 2 tan−1 (m) (6)

εLvl−1
y−max =


m2 + 1 − 1. (7)

Similarly, we refer the locked state at a strain of εLvl−1
y as a

y-polarized state, which also defines a critical state with an infinite
Poisson’s ratio in terms of Eq. (3) with dεLvl−1

y /dθ = 0.
From Eqs. (4)–(7), it can be seen that in the special case of

m = 1, when θ = 90°, the deformed structural configuration
of square cut structures (Fig. 3(d)) will become locked along both
directions of x- and y-axis simultaneously, where both diagonals
happen to align with x and y-axis (Fig. 3(e)), respectively. Thus, the
cut units cannot rotate any more and the structural configuration
in Fig. 3(e) cannot be stretched through rigid rotation of cut units in
both directions, which is consistent with the experiment as shown
in the third row of Fig. 1(c) with θ = 90°. The simultaneous
deformation locking in both directions also explains the absence
of the polarization switch observed in the case of level 1 square
cut structure.
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Fig. 4. Schematic illustration of a y-polarized and locked structural configuration
along y-axis in level 2 rectangle cut-unit based metamaterials (a) at the maximum
stretchable strain along y-axis (b). The level 2 is locked when the diagonal of
virtual level-1 unit highlighted in red dashed lines aligns with the y-axis. (For
interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

3.2. Level 2 cut structure

For a level 2 cut structure (Fig. 4(a)), the number of degree of
freedom becomes 2 and the geometry of the expanded structure
can be well defined by the opening angle θ1 in the level-1 unit, as
well as the opening angle θ2 in the virtual level-2 unit enclosed
by red dashed lines as shown in Fig. 4(b). The size of the virtual
rectangular level-2 unit depends on the rotation of level-1 cut units
and thus will vary with θ1. It should be noted that geometrically θ1
and θ2 are independent from each other. The nominal strains of a
level 2 cut structure along x-axis (εLvl−2

x ) and y-axis (εLvl−2
y ) can be

given by

εLvl−2
x =

w cos (θ2/2) + h sin (θ2/2)
2a

− 1 (8)

εLvl−2
y =
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2b

− 1 (9)

where w = 2a cos (θ1/2) and h = 2a sin (θ1/2) + 2b cos (θ1/2)
are defined in Fig. 4(b) and θ1 ≤ θ2 must be satisfied. The Poisson’s
ratio can be given by

υLvl−2
= −

dεLvl−2
x

dεLvl−2
y

. (10)

Similar to the level 1 structure, when the structure becomes y-
polarized upon increasing the stretching strain along the y-axis,
i.e. geometrically, the diagonal in the virtual level-2 unit (enclosed
by red dashed lines) is aligned with the y-axis (Fig. 4(b)), the
structure arrives at a possible locked state along the y-axis. In this
case, the nominal strain can be given by

εLvl−2
y =


w2 (θ1) + h2 (θ1)

2b
− 1. (11)

The maximum value of Eq. (11) will correspond to the maximum
stretchability εLvl−2

y−max along the y-axis, i.e. the locked state.
d


w2 (θ1) + h2 (θ1)/dθ1 = 0 gives the locked angle θ Lvl−2
1−max =

tan−1 (2m), and thus εLvl−2
y−max is given by

εLvl−2
y−max =

√
4m2 + 1 − 1

2
. (12)

As seen from Eqs. (7) and (12), the maximum geometrically
allowable stretchability in hierarchical cut-based metamaterials is
only dependent on the aspect ratio of the rectangle cut units m,
demonstrating the key role of the cut geometry in determining the
stretchability.
4. Stretchable hierarchical kirigami metamaterials: experi-
mental examination and numerical simulation

4.1. Maximum stretchability: non-stretchable paper materials

The geometrical modeling in Section 3 is first examined by
comparing the measurements from paper-kirigami metamaterials
in Fig. 1. The geometrical model (Eqs. (7) and (12)) shows
an excellent agreement with the experiments in predicting the
maximum geometrically allowable stretchability, which validates
the model. For level 1 structure, the theoretical maximum
stretchable strain along the y-axis is predicted to be 41.4% for
square cut units (m = 1) and123.6% for rectangle cut units (m = 2)
from Eq. (7), which agree well with the corresponding measured
maximum stretchable strain of 40%± 1% form = 1 and 124%± 2%
for m = 2 in paper kirigami metamaterials (Fig. 2). Similarly, for
level 2 structure, the maximum stretchable strain predicted from
Eq. (12) is 61.8% form = 1 and 156.2% form = 2, which also show
an excellent agreement with the measured value of 59% ± 2% for
m = 1 and 153% ± 3% form = 2.

4.2. Maximum stretchability: highly stretchable elastomer materials

Despite the demonstrated excellent agreement of the rigid ro-
tating model with paper kirigami structures, the discrepancy may
originate when considering the emergent mechanical behavior
contributed by the constituent material itself. We further exam-
ined the application of geometrical model to predict the mechan-
ical behavior of hierarchical kirigami metamaterials consisting of
hyperelastic materials through combined experiments and finite
element method (FEM) simulation. Polydimethylsiloxane (PDMS)
was chosen as base materials since it can withstand high-strain
elastic deformation over 100%. The FEM simulation will be em-
ployed to provide important insights in understanding the polar-
ization and deformation locking mechanism, as well as the critical
deformation state close to hinge failure. In the FEM simulations,
we will use the 3rd order Ogdenmodel with inputs frommeasure-
ments tomodel the hyperelastic behavior of PDMS. The procedures
for sample preparation, experimental testing, and numerical simu-
lations were described in details in our previous study [23], which
will not be discussed here.

After introducing prescribed rectangular and square cuts to a
2 mm-thick thin sheet of PDMS through laser cutters, hierarchical
PDMS metamaterials can be generated. The sheet was uniaxially
stretched using an Instron tensile test machine until the structure
began to rupture. Fig. 5 shows the representative structural
configurations of level 1 and level 2 structures in the formof square
(m = 1) and rectangle (m = 2) cut units at different applied
stretching strains,which arewell reproduced by the corresponding
FEM simulations shown in Fig. 6(a) and (b). The evolution of
structural reconfigurations (Figs. 5 and 6(a)–(b)) is similar to that
in paper kirigami metamaterials (Fig. 1) since all the cut structures
are reconfigured through the samemechanism of cut unit rotation.

The locked deformation at the polarization state observed
in hierarchical PDMS and paper kirigami metamaterials is well
captured by the FEM simulation in Fig. 6. Fig. 6(a) shows the
same polarization switch from x-polarized (Fig. 6(a) (ii)) to y-
polarized (Fig. 6(a) (iii)) configuration as Fig. 1(a) in the level
1 structure with rectangle cuts. Simulations show that when
the structure is polarized along the y-axis, i.e. the diagonals of
cut units (highlighted in red dashed line) are in alignment with
the stretching direction of y-axis, the cut units will be ceased
to rotate and thus the deformed structural configuration will
be locked (Fig. 6(a) (iii)), as evidenced by the observed same
structural configuration and the always upright diagonals upon
further stretching (Fig. 6(a) (iv)), where only the connecting hinges
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Fig. 5. Structural reconfiguration in hierarchical PDMS kirigami metamaterials constructed from rectangle (top row) and square cut units (bottom row) upon stretching
along y-axis.
Fig. 6. FEM simulation results on structural reconfiguration and polarization in hierarchical PDMS kirigami metamaterials with rectangle cut units upon stretching along
y-axis, where all figures show a simulated principal strain contour distribution. (a) Level 1 structure; (b) Level 2 structure; (c) Level 3 structure. Representative deformed
configurations are shown at zero strain (Column1),moderate strain (Column2), locked strain (Column3), and over-stretched strain beyond locked strain (Column4) showing
elongated hinges along y-axis. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
are being stretched and become elongated without the rotation of
cut units to reconfigure the shape. Similar alignment of diagonals
in cut units with the y-axis and locked structural configuration are
observed in higher level of structures (e.g. level 2 in Fig. 6(b) (iii–iv)
and level 3 in Fig. 6(c) (iii–iv)). The y-polarized and locked state
defines the maximum stretchable strain through cut unit rotation,
which is observed to increase dramatically from 126% in level 1
to 196% in level 3 from the FEM simulation, demonstrating the
benefit of hierarchical cut structures in enhancing the extreme
stretchability.

Fig. 7 shows the comparison of the maximum stretchable
strain between the theory, experimental testing of both paper
and PDMS materials, and FEM simulations of PDMS materials
for level 1 and level 2 metamaterials with m = 1 and 2 in
the cut units. It shows that the measured maximum stretchable
strain in PDMS metamaterials is slightly lower than that predicted
from the corresponding rigid rotation models for hierarchical
square cut unit based metamaterials, whereas much lower (over
20%) for structures with rectangular cuts, especially for level 2
structures. It means that the structure undergoes failure earlier
before reaching the theoretical maximum stretchable strain,
which is reasonable since the severe stress concentration in the
hinges (Fig. 6) will cause the hinges to rupture [23]. Despite the
observed discrepancy from the experimental measurements, the
maximum stretchable strain obtained from FEM simulations of
PDMS kirigami metamaterials showed an excellent agreement
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Fig. 7. Comparison of themaximum stretchable strain between theory, simulation,
experiments (both paper and PDMS as the base materials) in the hierarchical
kirigami metamaterials constructed from rectangle (m = 2) and square cut units
(m = 1).

with the rigid rotation theory (Fig. 7), which validated the idealized
geometrical model in Section 3.

4.3. Auxetic behavior: rectangle vs. square cut units

In addition to the large stretchability enabled by cuts, another
important and interesting feature is the auxetic behavior of cut-
based metamaterials. In this section, we will examine how the
shape of cut units and the constituentmaterial properties influence
the auxetic behavior of cut-based hierarchical metamaterials.

Fig. 8 shows the comparison of Poisson’s ratio as a function of
nominal strain between the theory, experiment, and FEM simu-
lation for hierarchical PDMS kirigami metamaterials constructed
from rectangle (m = 2) and square (m = 1) cut units. For level 1
structure with m = 2, as the nominal strain increased from 0 to
120%, the Poisson’s ratio predicted from Eq. (3) increased mono-
tonically from −0.5 to 2 (Fig. 8(a)). The polarization switch from
x-polarized to y-polarized state accounts for the switch from a neg-
ative to a positive Poisson’s ratio. Specially, a zero Poisson’s ra-
tio is found at a strain of about 76%, indicating that the structure
becomes x-polarized. Both experiment and FEM simulations show
an excellent agreement with the rigid rotation based geometrical
model, implying a negligible effect of constituent material proper-
ties on the Poisson’s ratio in this case. However, a large discrepancy
between the theory and experiment is observed for level 1 struc-
ture with m = 1 (Fig. 8(b)), especially when the applied strain is
beyond 27%, where the Poisson’s ratio from both experiments and
FEM simulations starts to rise steeply and deviates from the theo-
retical prediction of a constant Poisson’s ratio of −1. The reason is
that the PDMSmaterials in the hinge areas undergo severe stretch-
ing when the applied strain is approaching to the lock strain.

For kirigami metamaterials with a higher hierarchical level,
both experiments and FEM simulations show that the Poisson’s
ratio follows the similar trend as level 1 for both square and
rectangle cut units (Fig. 8(c) and (d)), where the Poisson’s ratio
increases steeply when the applied nominal strain is approaching
the lock strain since the Poisson’s ratio will become infinite at
the lock strain as discussed in Section 3. For example, as seen
in both level 2 cut structures with m = 1 and m = 2, their
Poisson’s ratio–strain curves rise steeply when the applied strain
is approaching to their respective lock strain of 61% (m = 1) and
156% (m = 2). Since the lock strain increases with the hierarchical
level, the similar steep rise of Poisson’s ratio–strain curves in
higher hierarchical metamaterials will be expected to occur at a
relatively larger applied strain (Fig. 8(c) and (d)), for example, a
lock strain of 80% (m = 1) and 196% (m = 2) in the level 3 cut
structure.

5. Both stretchable and compressible hierarchical kirigami
metamaterials

The hierarchical kirigami metamaterials discussed so far still
fall into the category of stretchable mechanical metamaterials,
which cannot undergo in-plane compression beyond their original
configuration (closed line cut state) due to the non-compressibility
of line cuts. In this section, we will discuss the design of cut unit
geometry through combined line cuts and cut-outs for achieving
both stretchability and compressibility in hierarchical kirigami
metamaterials.

5.1. Hierarchical porous-square-unit metamaterials

Whenwe introduce circular cut-outs into the square units of the
aforementioned hierarchical square cut unit based metamaterials
(Fig. 9(a)), it will generate hierarchical porous kirigami metamate-
rials (with r/a = 0.4), for example, the level 1 and level 2 PDMS
based porous metamaterials shown in the left of Fig. 9(c) and (d),
respectively.

As seen in the middle of Fig. 9(c) and (d), increasing the
hierarchical level of the porous cut structures can largely enhance
the stretchability by opening lines cuts in both directions through
rigid unit rotation. Upon uniaxially stretching the level 1 porous
structure along the vertical direction (Fig. 9(c)), we observed that
unlike the rigid rotation in the square cut units without pores, little
rotation of porous cut units around hinges was observed since the
vertical line cuts still remained closed. The porous square cut unit
can no longer act as being a rigid body, which is easy to deform due
to its largely reduced structural rigidity by the embedded pores.
The stretching deformation of the structurewas accommodated by
directly stretching both the porous cut units and the horizontal line
cuts as can be seen in themiddle of Fig. 9(c), where both horizontal
line cut and original circular poreswere stretched to deform into an
elliptical shape, leading to the monotonic increase of its Poisson’s
ratio from −1 to over 0.5 with the stretching strain (Fig. 9(b)).
Thus, in this case, the stretchability of the whole structure will be
mainly determinedby the stretchability of its constituentmaterials
rather than the structure, which should be avoided and is of no
interest. However, when the level of the porous cut structure was
increased to 2, we found that both horizontal and vertical line
cuts at level 1 were largely opened to accommodate the vertical
stretching through the rotation of sub-units at level 2 (middle
of Fig. 9(d)), showing the advantage of a hierarchical structure.
This leads to a similar Poisson’s ratio–strain curve as the level 2
square cut metamaterials without pores (Fig. 9(b)). Little opening
of the line cuts was observed in the sub-units at level 2, where
they were subjected to slight deformation and the original circular
pores deformed into ellipseswith their long axis orthogonal to each
other (middle of Fig. 9(d)). We envision that as the hierarchical
level further increases, the pores in the sub-units at the higher
level will also be opened to accommodate the stretching via unit
rotation, and thus further enhance the stretchability of the porous
cut hierarchical structures.

In addition to providing the stretchability through line cuts
enabled rotation of cut units, the porous cut structure can also
accommodate a large compression by compacting and closing its
large volume of pores as show in the right of Fig. 9(c) and (d).

The right of Fig. 9(c) shows a highly compressed structural
configuration of the level 1 porous cut structure under a uniaxial
compressive strain of 50% along the vertical direction. It shows
a similar buckled pattern as the porous membrane without
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Fig. 8. Comparison of Poisson’s ratio–strain curves between experiments, FEM simulations, and geometrical modeling for hierarchical PDMS kirigami metamaterials
consisting of rectangle (a, c) and square (b, d) cut units upon uniaxial stretching at different hierarchical levels.
Fig. 9. (a) Schematic illustration of constructing both stretchable and compressiblemetamaterials by introducing circular cut-outs into the original solid square cut unitswith
r/a = 0.4. (b) Simulated Poisson’s ratio as a function of stretching strain of the correspondingly constructed level 1 and level 2 structures. (c–d) Experimental demonstrations
of both stretchability and compressibility in level 1 (c) and level 2 (d) porous square cut based PDMSmetamaterials upon stretching and compression. Scale bar is 2 cm. The
shapes of representative line cuts are highlighted in red (vertical line cuts) and blue (horizontal line cuts) color before and after deformation. The dashed lines represent the
line cuts in the 2nd level of subunits. In both (c) and (d), the optical images are scaled accordingly to show the details of the deformed structures. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 10. (a) Schematic illustration of constructing both stretchable and compressiblemetamaterials by replacing square cut units withmodified re-entrant lattice structures.
(b) Simulated Poisson’s ratio as a function of stretching strain of the correspondingly constructed level 1 and level 2 structures. (c–d) Experimental demonstrations of both
stretchability and compressibility in level 1 (c) and level 2 (d) PDMS metamaterials constructed from re-entrant units upon stretching and compression. Scale bar is 2 cm.
introduced line cuts, the buckling of which under compression has
been extensively studied [24,25]. The circular pores buckled into
mutually orthogonal ‘‘8’’-shaped pores. Both vertical (highlighted
in red color) and horizontal (highlighted in blue color) line cuts
were sheared and twisted at an approximate angle of 45° to the
vertical direction due to its maximum shearing stress, where the
vertical line cuts remained closed anddeformed into an ‘‘S’’-shaped
line, whereas the horizontal line cuts were sheared and twisted
into an open ‘‘S’’-shaped slit.

A more complex buckling pattern was observed in the level 2
porous cut structure at a compressive stain of 50% as shown in
the right of Fig. 9(d). Similar to the level 1 structure, all the pores
buckled into arrays of orthogonal ‘‘8’’-shaped pores. The original
longer vertical line cuts at the 1st level (highlighted in red color
solid lines) remained closed as lines butwere deformed and broken
into three line segments taking the shape of ‘‘C’’, ‘‘S’’, and ‘‘ ’’,
respectively, whereas the original longer horizontal line cuts at
the 1st level (highlighted in blue color solid lines) were twisted to
be open, forming a large ‘‘Z’’-shaped pore. Similarly, the original
longer vertical lines at the 2nd level (highlighted in red color
dashed lines) were twisted into an ‘‘S’’-shaped line, whereas the
original shorter horizontal lines (highlighted in blue color dashed
lines) were sheared to be an inclined slit at an approximate angle
of 45° to the vertical direction.

Despite the demonstration of only one example of design, we
envision that the volume ratio of the circular pores and different
pore shapes can be manipulated to achieve the desired both com-
pressibility and stretchability. The design of combined line cuts and
cut-outs represents a category of compressible/stretchable meta-
materials by introducing different shapes of pores into different ge-
ometries of cut units, which we believe can be readily applied to a
variety of other shapes and structures.

5.2. Hierarchical re-entrant metamaterials

In principle, the way of achieving high stretchability through
line cuts induced rigid rotation of units can be applied to
any geometry of the cut unit. Since the key to design both
stretchable and compressible metamaterials is to design the
geometry of a cut unit, which can be largely compressible through
in-plane deformation. The re-entrant geometry demonstrates
both an extreme compressibility and auxetic behavior [26,27]
upon compression, making it a good candidate for achieving
compressibility. As one representative example, here, we use the
modified re-entrant unit, which is highly compressible through
buckling of beams, to replace the solid square unit in hierarchical
square cut metamaterials (Fig. 10(a)) to demonstrate the concept
of design. The modified re-entrant geometry can be characterized
by the re-entrant angle α, height h, length l, and the thickness of
beam t . Fig. 10(c) and (d) show the constructed level 1 and level
2 re-entrant structures consisting of PDMSmaterials, respectively,
where α = 45°, t = 0.25 mm, h = 10 mm, and l = 12.5 mm.

The middle of the Fig. 10(c) and (d) shows the structural
configuration at a uni-axial stretching strain of 28% and 31% along
the vertical direction for level 1 and level 2, respectively. We
found that the stretching behavior of re-entrant based hierarchical
metamaterials is similar to that of the porous cut hierarchical
ones in Fig. 9, where the stretching deformation of the structure
is accommodated by directly stretching the beams in the re-
entrant units for level 1 structure (middle of Fig. 10(c)), and
nearly rigid rotation of re-entrant sub-units at the 2nd level
for level 2 structure (middle of Fig. 10(d)), respectively. The
stretched structural configurations with bended beams were well
reproduced by the FEM simulations (insets of Fig. 10(c) and (d)).
Correspondingly, the Poisson’s ratio of the hierarchical structures
was observed to increase monotonically from a negative to a
positive value with the applied stretching strain.

Ideally, the re-entrant geometry can be fully compressed
when t/h ≪ 1 as can be seen from the nominal compressive
strain equation of εre = − (1 − 4t/h), achieving an extreme
compressibility of 100%, which is independent of the hierarchical
structures. The re-entrant hierarchical structures were shown to
be compressed over 78% and 81% for level 1 (right of Fig. 10(c)) and
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level 2 (right of Fig. 10(d)), respectively. We observed that all the
original angled beams in both structures buckled into an ‘‘S’’ shape
and became contacted with each other, exhibiting a zero Poisson’s
ratio without the lateral expansion of the structures observed,
which is in contrast to the re-entrant based honeycomb [26,27]
with a negative Poisson’s ratio.

The modified re-entrant geometry represents a family of re-
entrant hierarchical structures. We envision that the re-entrant
angle, size, beam thickness, and the hierarchy level can be further
manipulated to achieve the desired extreme compressibility
through buckling of beams in the units and stretchability through
unit rotation.

6. Conclusions

In summary, through combined experiments, geometricalmod-
eling, and FEM simulations, we explored the design principles
for achieving both extreme stretchability and/or compressibil-
ity in auxetic kirigami metamaterials via the combination of line
cuts, cut-outs, and hierarchical structures: the line cuts enable the
stretchability via rigid rotation of cut units, the cut-outs enable the
compressibility via buckling induced full compactness of pores or
lattices, and the hierarchical structural design enables the realiza-
tion of extreme stretchability and/or compressibility. To demon-
strate the design principles, we investigated the different geome-
tries of representative cut units in a hierarchical structure, includ-
ing solid rectangles with the square shape as a special case for
demonstration of largely enhanced extreme stretchability via cut
shapes, aswell as squareswith circular pores and re-entrant shapes
for demonstration of achieving both stretchability and compress-
ibility at the same time in a single structure. The design principle
revealed in this work can be applied to a wide range of hierarchi-
cal kirigami based metamaterials with units in other geometrical
shapes, including triangles, the more generalized parallelograms,
and their combinations in the design of both solid and porous cut
units with different pore shapes. We believe that this work can
greatly expand the potential applications of kirigami metamateri-
als in conformable and stretchable electronics, biomedical devices,
electronic skin, and reconfigurable soft robotics etc.
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