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based on the rotating rigid square units connected with hinges 
at vertices of squares. They simulate the auxetic behavior of a 
two-level idealized system. [ 27 ]  The expected superior mechanical 
properties (e.g., extreme expandability, conformability) lie in the 
assumption that stretching occurs only by unit rotation without 
deformation of individual units in the hierarchical structures. [ 26 ]  
The concept of hierarchically cut structures opens a new para-
digm of generating highly stretchable/compressible and tun-
able metamaterials, which has attracted increasing interests in 
design of auxetic mechanical metamaterials through different 
cuts and perforations, [ 28–31 ]  showing great promise for wide 
range of applications from fl exible and stretchable electronics 
and photonics, [ 32,33 ]  to conformable electronic skin (e-skin), [ 34 ]  
to skin grafts, bioscaffolds, and biomedical devices. [ 35 ]  

 Because these concepts are rather new and the initial publi-
cations mainly focus on structural design via cutting, [ 26,27 ]  the 
emergent mechanical behaviors contributed by the constituent 
material itself is yet to be examined. The discrepancy between 
concept and practice originates when hierarchically cut struc-
tures are modeled as a series of rigid square units connected 
by freely rotating hinges. [ 26,27,36,37 ]  Although spring hinges 
appear to be a reasonable simplifi cation for the expandable and 
shape-shifting behavior, the fact that real materials in the uncut 
marginals, i.e., hinges, where the stress concentrates, can bend 
and stretch, and even fail. Such issues have not been brought 
up with elastomeric materials that can resist tear in the prior 
publication. [ 26,27 ]  Therefore, a physical understanding of the 
hierarchically cut structures’ mechanical responses, including 
deformation mechanism and strength, is essential but remains 
elusive. In particular, some key questions remain to be inves-
tigated and answered. For example, upon uniaxial stretching, 
at which level of hierarchical cuts and which level of applied 
strain does the fi rst hinge break? Can the hierarchical cut con-
cept apply to any type of thin sheet of elastic materials even 
brittle materials to achieve superior properties such as shape 
shifting and extreme expandability? How does the localized 
bending or stretching deformation in the hinges globally infl u-
ence the strength and robustness of the entire hierarchically cut 
structure? How do the constituent material properties and hier-
archically cut structures contribute to the overall mechanical 
response? Meanwhile, it will be highly desirable to control the 
localized deformation in hinges with enhanced mechanical ten-
sile strength from any type of materials (even brittle materials 
with ultralow tensile strength) while achieving extreme stretch-
ability and expandability of the metamaterials. 

 Here, we investigate the comprehensive mechanical behav-
iors of hierarchically cut structures by taking into account of 
real constituent material properties. The mechanical response 
under uniaxial stretching is studied by experiments in concert 

  Reconfi gurable metamaterials [ 1 ]  can switch their structures 
in response to external stimuli, including electric [ 2 ]  and mag-
netic fi elds, [ 3 ]  light, [ 4 ]  heat, [ 5 ]  and mechanical force, [ 6 ]  and thus 
dynamically change their physical properties. Recently, these 
materials have attracted tremendous interests [ 7–9 ]  owing to 
a wide range of potential applications, including acoustic 
cloaking, [ 10 ]  acoustic lens, [ 11 ]  wave absorber, [ 12 ]  ultralight and 
ultrastiff metamaterials, [ 13 ]  and topological protection in 
mechanical metamaterials. [ 14 ]  Among them, the continuous 
structural reconfi guration induced by simple yet controllable 
mechanical deformation in local structure elements is of par-
ticular interest. [ 9,15,16 ]  For example, by harnessing buckling 
instabilities in 2D and 3D metamaterials composed of peri-
odic porous or composite structures, [ 6,17–19 ]  researchers have 
demonstrated buckling driven pattern transformations under 
mechanical compression and corresponding tunable acoustic 
properties. [ 19,20 ]  Meanwhile, there have been increasing inter-
ests in the design of stretchable mechanical metamaterials 
based on the concept of folding-based origami [ 21,22 ]  and cutting-
based kirigami. [ 23–25 ]  

 Recently, Cho et al. [ 26 ]  illustrate the concept of generating 
continuous pattern transformations in a thin sheet of mate-
rial by introducing designed fractal cut patterns with different 
motifs through rigid unit rotation. Simulations show that upon 
an equal-biaxial stretching strain of ≈1.8, the cut sheet could 
undergo extreme expandability, over 800% aerial coverage of the 
original area at level-6 cut. Gatt et al. [ 27 ]  propose a similar con-
cept to design a new class of hierarchical auxetic metamaterials 
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We demonstrate that the hierarchical cut concept can be used 
to design of ultra-soft materials with tailorable and nonlinear 
mechanical properties. The uniaxial stress–strain behavior of 
hierarchical metamaterials exhibits highly nonlinear and strain 
hardening material characteristics, as well as tunable auxetic 
mechanical response, which we show is the result from the 
deformation transition from bending-dominated to stretching-
dominated deformation. We further show that this transition 
originates from the hierarchical structure, instead of the con-
stituent material properties. After introduction of hierarchical 
cuts at Level 3, the stiffness of original continuous materials 
decrease by over one order of magnitude and thus the mate-
rials become extremely soft. However, severe stress concentra-
tion is found in the local region of the hinges, especially at the 
level 1, contributing to the ultimate structural failure. Through 
rational design of the local cut shape and global hierarchical 
hinge structures, we show enhanced extreme expandability 
and high tensile strength in both hyperelastic and brittle mate-
rials. Further, simply by inputting the mechanical strain, we 
demonstrate dynamic tuning of the phononic bandgaps of the 
hierarchical metamaterials. 

 As seen in  Figure    1  a, by introducing three orthogonal line 
cuts in a thin square sheet (hierarchical level of 0, i.e., LVL 0), 
the latter is discretized into four square units connected 
through four hinges at the corners with the same marginal 
width, i.e., the same hinge width, generating an expandable 
structure with a hierarchical level of 1 (LVL 1, Figure  1 a) upon 
stretching. Hierarchical structures with self-similarity can 
be constructed by repeating the same orthogonal line cuts in 
each sublevel of the square units, leading to LVL 2 and LVL 3 
(Figure  1 a) and higher-level structures. Here, all the hinges are 
designed to have the same width throughout the hierarchical 
structures.  

 A thin sheet (≈2 mm thick) made from poly(dimethylsiloxane) 
(PDMS) elastomer with prescribed hierarchical cuts (up to Level 
3) is fi rst studied as a model system. The sheet is uniaxially 
stretched using an Instron tensile test machine until the struc-
ture begins to rupture, that is, the hinges begin to tear since 
they are the thinnest part of the sheet. The original clamped 
edges of the hierarchically cut PDMS thin sheet samples are 
modifi ed by adding properly designed “arms” (Figure S0b,
 Supporting Information) to prevent the out-of-plane buck-
ling during uniaxial stretching, which happens even at a small 
strain (<10%) when the cut samples are directly gripped without 
designed “arms” (Figure S0a, Supporting Information). In our 
experiment, no out-of-plane buckling was observed until the 
rupture of hinges with the properly designed “arms” applying 
to the sample edges (Figure S0b and Video S1–S3, Supporting 
Information). To quantitatively understand the mechanical 
response of the hierarchical structures and the origin of the 
mechanical failure at the hinges, we carry out FEM simula-
tions with measured hyperelastic material properties of PDMS 
in comparison to experiments (see details in the Experimental 
Section). Upon uniaxial stretching, the expansion of the (sub)
units via square unit rotation result in continuous pattern 
transformations and an auxetic behavior (Figure S1a-S1b, 
Supporting Information), i.e., negative Poisson’s ratio, which 
is similar to that of periodic porous structures under 

compression. [ 38 ]  As the stretch increases until hinge rupture, 
the measured Poisson’s ratio increases monotonically from 
−1 to 0 for level 1, from −0.8 to 0.1 for level 2, and from −0.7 to 
0.18 for level 3 structure (Figure S1c,d). The simulated struc-
ture reconfi guration with the stretching strain shows excellent 
agreement with experiments at all levels (Figure S1, Supporting 
Information). 

 The measured stress–strain curves of the hierarchically cut 
PDMS sheet (Figure  1 b) at different cut levels all show a highly 
nonlinear and strain hardening behavior. At a relatively small 
applied strain, the bending-dominated deformation mode via 
“free” rotation of square units in the hinges leads to a linear 
elastic response and yield an ultralow stiffness with a shallow 
slope. We note that similar rotation-dominated linear response 
is found within a small strain range in the stress–strain curve of 
compressing 2D porous sheets with a square array of holes. [ 38 ]  
As the stretching strain further increases, the hinges rotate and 
tend to align to the direction of the applied strain. The bending-
dominated deformation transits to a stretching-dominated 
one in the hinges for a larger strain, leading to an increased 
high stiffness and the steep increase of the stress–strain curve, 
in sharp contrast to the plateau stress–strain behavior due to 
buckling when compressing the 2D porous sheets beyond the 
critical buckling strain. [ 38 ]  These two deformation modes are 
commonly found in the deformation of the struts units of cel-
lular solids [ 39 ]  for the design of light-weight and high strength 
materials. Similar “J-shaped” stress–strain response is found 
in a recent study on bio-inspired design of soft network com-
posite materials to mimic the nonlinear properties of biological 
tissues such as human skin. [ 35 ]  Compared to the composite 
design, however, the hierarchical cut design has more advan-
tages due to its much simpler cut-based fabrication strategy and 
the employment of only a single material for potential appli-
cations in tissue engineering and biomedical devices. Numer-
ical simulations on the stress–strain curves of the hierarchical 
structures show an excellent agreement with experiments at all 
levels in the range of medium strain <50%. Beyond that, the 
simulated stress–strain curves start to deviate and overestimate 
the stiffness for Level 2 and Level 3 structures. The deviation 
at the large strain could be in part attributed to the geometrical 
imperfections of cut shapes, where slight nonuniformity in 
hinge widths could affect the stress–strain curve, especially at 
the large strain due to the dominated hinge width stretching 
mechanism. 

 With further macroscopic stretching, a few hinges at Level 
1 start to break apart (Figure S2, Supporting Information), 
followed by more breakage at the hinge area, and eventually 
the whole structure ruptures (Figure  1 d). As the hierarchical 
level increases, stretchability and expandability are enhanced 
exponentially, which is demonstrated by the increased fracture 
tensile strain  ε  f  (defi ned at which the fi rst hinge breaks) from 
 ε  f1  = 40% for Level 1 structure to  ε  f3  = 72% for Level 3. 

 In principal, as proposed in ref.  [ 26 ]  the method of hierar-
chical cuts could be applied to a thin sheet made from any type 
of materials, including both hyperelastic materials (e.g., PDMS) 
and brittle materials, to achieve large fl exibility and expand-
ability. However, when the same hierarchical cuts are applied 
to brittle material such as Acrylics, unlike the hyperelastic 
PDMS, the cut concept fails to achieve the ideal expandability 
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due to the far less stretchable characteristics of brittle materials. 
Figure  1 c shows that the hinges break in Level 1 cuts at a very 
small strain for all levels ( ε  f1  = 1.5% for Level 1 and  ε  f3  = 3.5% for 

Level 3), far less than that of its original continuous thin sheet 
without cuts (fracture strain is  ε  f0  = 7.1%). Only the pores at the 
fi rst level are slightly opened but no observation of unit rotation 
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 Figure 1.    Mechanical behaviors of thin sheet of superelastic materials (PDMS) and brittle materials (Acrylics) with prescribed hierarchical cuts under 
uniaxial stretching. a) Schematic illustration of hierarchical line cuts (marked by white lines) in a representative square unit from Level 1 to Level 3. The 
cut square subunits are connected by uncut marginal at their corners, forming hinges. Upon uniaxial stretching, the subsquares undergo rotations 
around the marginal/hinge to expand biaxially, forming a periodic array of porous structures. Measured nominal stress–strain curves of the discrete 
structures until the hinge breaks in b) PDMS and c) Acrylics, the corresponding FEM simulation results are represented by dashed lines. Optical images 
of hierarchically cut d) PDMS and e) Acrylics samples before deformation and after rupture.
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stress–strain response (Figure  1 c). It should be noted that the 
maximum stretching strain at the onset of fracture in Acrylics 
is far below the maximum geometrically permissible stretching 
strain  ε  max  in the idealized model, consisting of rigid rotating 
units in hierarchically cut structures ( ε  max  = 43% for Level 1 and 
 ε  max  = 79% for Level 3 structure) according to ref.  [ 26 ]  where the 
model does not consider real materials properties. This dis-
crepancy clearly demonstrates that to apply the cut concept and 
realize the full potentials of hierarchical cutting mechanical 
metamaterials, it is critical to investigate the infl uence of mate-
rials properties. In turn, it will feedback new design strategies 
as we will present in the following discussion. 

 The highly nonlinear and strain hardening behavior of the 
soft PDMS metamaterials with hierarchical cuts shown in 
Figure  1 b is similar to that of hyperelastic materials, which can 
be well characterized using a third order Ogden hyperelastic 
model represented by dashed lines in  Figure    2  a (Figure S3, 
Supporting Information). Hyperelastic materials are described 
in terms of a strain energy potential  U . For Ogden model, the 
general strain energy potential  U  Ogden  is given by: [ 40 ] 

    
∑ μ

α
λ λ λ( ) ( )= + + − + −α α α

=
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 where 1/3Ji iλ λ= −  are the deviatoric stretches and 1 2 3J λ λ λ=  is 
the volume ratio.  µ i  , iα , and  D  are material constants fi tted in 
the stress–strain curve, e.g.,  D  is the inverse of bulk modulus. 
The initial shear modulus  µ  0  and bulk modulus  K  0  follow as 

0
1

i

i

N

∑μ μ=
=

 and  K  0  = 2/ D  for small strains. By taking  N  = 3, i.e., 

the third order and fi tting the Ogden potential to the uniaxial 
stress–strain curve over the whole strain range, the obtained 
material parameters are summarized in  Table    1  . The initial 
Young’s modulus decreases from  E  1  = 4.3 kPa (LVL 1) to 
 E  3  = 1.3 kPa (LVL 3), the value of which at Level 3 is close 
to that of human skin (≈2 kPa). [ 35 ]  Compared to that of con-
tinuous PDMS thin sheet without cuts ( E  0  = 2.1 MPa), the ini-
tial Young’s modulus in the cut structures drops approximately 
by 500 and 1600 times for Level 1 and Level 3, respectively. It 
can be envisioned that the Young’s modulus will continue to 

drop signifi cantly with the increasing level of cuts in the struc-
ture, leading to extremely compliant structures. The infor-
mation of over one order stiffness decrease after cuts could 
provide important implication for design of ultra-soft mate-
rials to mimic human skin as well as conformable extremely 
soft substrate for bio-integrated electronics. [ 35 ]  Furthermore, 
we perform cyclic loading/unloading tests of the hierarchical 
structures, which show an elastic and reversible mechanical 
response without any hysteresis (Figure S4, Supporting Infor-
mation), further supporting the reversible reconfi gurability of 
the metamaterials. 

   We believe that the highly nonlinear and hyperelastic stress–
strain behavior observed in the hierarchical discrete struc-
tures is mainly originated from the cut structures, rather than 
the constituent hyperelastic material itself. Supporting this, 
Figure  2 b shows nearly identical nonlinear stress–strain curves 
observed in the same structure made from two distinct mate-
rial systems: one is linear elastic with Young’s modulus of 
2 MPa and Poisson’s ratio of 0.49; and the other is highly non-
linear hyperelastic with initial Young’s modulus of 2 MPa and 
Poisson’s ratio of 0.49. Similarly, the nonlinear stress–strain 
curves from linear elastic constituent materials can also be well 
characterized with Ogden models (Figure S5, Supporting Infor-
mation). Therefore, we refer the hierarchically cut structures as 
soft metamaterials. 

 To quantitatively understand the observed rupture in hierar-
chically cut PDMS and Acrylic structures, we analyze the stress 
distribution in the structures through both FEM simulations 
using the measured material properties and mapping of the 
strain distribution experimentally through digital image cor-
relation (DIC).  Figure    3  a shows the corresponding simulated 
principal stress contours of hierarchically cut PDMS struc-
tures at the same stretching strain of  ε  = 40%. Severe stress 
concentration is observed at all hinge areas (highlighted with 
red color), and the highest stress concentration occurs in the 
hinges of Level 1 cut for all the structures, resulting in the fi rst 
rupture of Level 1 hinges observed in experiments (Figure S2, 
Supporting Information). The reason for the observed severe 
stress concentration at Level 1 hinge is due to the fact that 
the higher level structural deformation cannot occur inde-
pendently from the Level 1 deformation as revealed by Gatt 
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 Figure 2.    a) Experimentally measured stress–strain curves of hierarchically cut PDMS structures using third order Ogden hyperelastic model fi tting. 
b) Simulated nominal stress–strain curves of the same hierarchical structures consisting of two different constituent materials: one is hyperelastic and 
the other is linear elastic with the same initial Young’s modulus.



7185wileyonlinelibrary.com© 2015 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

C
O

M
M

U
N

IC
A
TIO

N

et al., [ 27 ]  i.e., higher-level small square subunits can rotate 
only if the Level 1 hinges start to rotate and deform. This is 
also consistent with the observation from our FEM simula-
tion, where the pores at Level 1 open fi rst, followed by the pore 
opening at the higher levels. Under an extreme condition, for 
the rigid rotating model, if the Level 1 hinges were not allowed 
to rotate and deform, then the entire structure would be effec-
tively “clamped” and cannot deform even though the higher 
level hinges could deform. [ 27 ]  Thus, the deformation of Level 1 
hinges is key to the overall structural deformation, thus bearing 
the highest stress concentration.  

 As the hierarchical level increases, under the same applied 
strain, the maximum principal stress in the hierarchical struc-
ture drops signifi cantly (Figure  3 b). By assuming the simple 
local failure criteria of maximum principal stress  σ  max_p  in an 
elastomer material, i.e., the rupture occurs when  σ  max_p  reaches 
the uniaxial tension strength, we observe that the increase in 
the hierarchy level leads to an enhanced fracture strain given 
the same measured ultimate tensile strength (represented by 
the dashed line in Figure  3 b). The FEM simulation result is con-
sistent with the observation in experiments (Figure  1 b). Figure  3 c 
shows that the maximum principal stress/strain is located in 
the inner circular arch of laser-cutter attributed U-shaped notch 
(see optical image in Figure S6, Supporting Information) as 
illustrated in Figure  3 c, which is validated by the visualized 
strain contour using DIC measurements. It should be noted 
that despite the nearly identical nominal stress–strain curves 
as shown in Figure  2 b for different elastic materials, Figure S7 
(Supporting Information) shows that the maximum principal 
stress for constituent linear elastic material [ 26 ]  is nearly twofold 
lower than that for the highly nonlinear material studied here. 
This implies that when real elastomeric material is modeled as 
a simplifi ed linear elastic material rather than a hyperelastic 
one such as the case reported by Cho et al., [ 26 ]  it will largely 
underestimate the maximum principal stress the real structure 
undergoes in the hinges, especially at a relatively large applied 
stretching strain. Thus, without taking into account the real 
strength of elastomeric materials, the maximum expandability 
over 800% aerial coverage of the original area at a stretching 
strain of ≈1.8 is largely overestimated by Cho et al. [ 26 ]  based on 
simplifi ed linear elastic modeling of elastomers. 

 To enhance the mechanical strength of hierarchical cut meta-
materials, thus the expandability of the 2D sheet, especially 
for those not so stretchable constituent materials, the key is to 
reduce the highest stress concentration located in the fi rst level 
hinges. To do so, we can employ two general strategies, that is: 
i) rational design of the local shape of the fi rst level hinges, and 
ii) design of the overall structure to allocate the loading at the 
fi rst-level hinges to more hinges at a higher level. 

 As one of the examples in design of the local shape of a cut, 
a modifi ed dog-bone-like hinge demonstrates superior perfor-
mance by largely reducing the stress concentration within the 
hinges in comparison to the regular U-shaped notch as demon-
strated in Figure  3 d–f. At the same applied strain of 18%, FEM 
simulation shows that the maximum principal strain from the 
dog-bone-like hinge can be effectively reduced by approximately 
half versus that from the regular U-shaped hinge (Figure  3 d), 
which holds true at further stretching. The DIC measure-
ments on the contours of principal strains are consistent with 
the simulation. The stress concentration is largely reduced 
by increasing the load bearing area, as well as migrating the 
maximum stress from the notch apex to the two neighboring 
semicircles. Figure  3 e shows the comparison of the normalized 
maximum stress max_ sσ  between different hinge shapes at the 
same stretching strain of 25% through simulation. By com-
paring the fi rst three columns for a U-shaped notch with radius 
of  r  and hinge width  d  (the top row of Figure  3 c), it is clear that 
increasing the ratio of  r / d  reduces the stress concentration, [ 40 ]  
where enlarging  r  increases the area of the hinge to distribute 
the load more evenly and decreasing  d  reduces the maximum 
stress under bending moment of  M . Figure  3 e further shows 
that the hinge shape could have a signifi cant infl uence on max_ sσ , 
where the maximum principal stress in the U-shaped hinge 
with ( r / a  = 0.005 and  d / a  = 0.05) could be reduced more than 
15 times using a dog-bone-like hinge ( r ′/ a  = 0.05,  d ′/ a  = 0.05). 
As proof-of-concept, we fabricate a plate with dog-bone-like cuts 
from brittle acrylics. As seen in Figure  3 f, the fracture strain 
increases signifi cantly, from 1.8% to 9% in Level 1 structure 
(Figure  3 f). The enhanced fracture strain ( ε  f1  = 9%) is even 
larger than its original continuous counterpart without cuts 
( ε  f0  = 7.1%). It should be noted that the dog-bone hinge shape 
could be further optimized to maximize the reduction of the 
stress concentration, and thus further enhance the fracture 
strain in the brittle materials. 

 In addition to the design of local hinge shape, the maximum 
principal stress in the hierarchically cut structure can also be 
reduced by: i) increasing the level of the hierarchical cuts as 
demonstrated in Figure  3 b, and ii) modifying the cuts with lin-
early decreased hinge width. For hierarchically cut structures 
with the number of hierarchical levels of  n , the total number of 
the hinges  N  total  in a representative volume element (RVE) unit 
cell is given by:

    

4

3
4 1totalN n( )= −

 
 (2) 

 which increases exponentially with  n . For Level 1, 2, 3, and 
4 structures, the total number of hinges is 4, 20, 84, and 
340, respectively. At a relatively small strain, the square unit is 
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  Table 1.    Summary of fi tted material parameters for structures from Level 1 to Level 3.  

Parameters Level 0 Level 1 Level 2 Level 3

( µ  1 ,  µ  2 ,  µ  3 ) [kPa] (−454.7, 372.3, 792.9) (−53.74, 49.04, 6.14) (−44.36, 44.40, 2.52) (28.12, 2.21, −29.92)

( α  1 ,  α  2 ,  α  3 ) (2.99, 5.79, −1.06) (24.8, 25, 21.4) (16.4, 16.4, 0.43) (−7.6, 8.9, −10)

i
i

[kPa]0
1

3

∑μ μ=
=

710.5 1.44 2.56 0.41
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 Figure 3.    Design of local hinge shapes to improve the strength and stretchability of hierarchical cut structures. a) Simulated maximum principal stress 
contours of hierarchically cut PDMS samples show severe stress concentration in all the hinge area, leading to hinge rupture. b) Maximum principal 
stress as a function of applied nominal strain for cut PDMS structures from Level 1 to Level 4. The dashed line represents the ultimate tensile strength 
in PDMS materials. Numerical simulation and DIC measurement of the distribution of the principal strain in the PDMS thin sheets of c) regular laser 
cutter attributed U-shaped notch and d) modifi ed dog-bone-like hinge shapes at a stretching strain of 18%, respectively. Level 1 units with different 
hinges obtained from a laser cutter are shown in schematics. e) Comparison of normalized maximum principal stress by initial Young’s modulus in 
Level 1 PDMS structure with different sizes of U-shaped and dog-bone-like hinges. f) Left: optical images of Level 1 brittle Acrylics sheet with modifi ed 
dog-bone-like hinges before and after uniaxial stretching. Right: Structures with dog-bone-like hinges show a superior stretchability and fracture 
strength than those with regular hinge shapes beyond 9% strain.
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nearly stress-free and can be considered as a rigid unit and all 
the loading is distributed to the load-bearing hinges. Generally 
speaking, the larger the number of hinges, the less the bearing 
load in the hinges on average. Therefore, the maximum principal 
stress is signifi cantly reduced with the increase of hierarchical 
level as shown in Figure  3 b, especially at large strains. 

 Next, we show that by setting the hierarchical cuts with 
fl exible hinge width (see  Figure    4  a), which decreases linearly 
with the increase in the cut level, the maximum principal 
stress can be signifi cantly reduced. Figure  4 b,c shows the 
comparison of simulated maximum principal stress contour 
of Level 4 PDMS cut structure with constant (Figure  4 b) and 
fl exible hinge width (Figure  4 c) at the same stretching strain 
of 70%. It shows that even with the same hinge width in the 
Level 1 cut, the opening angle  θ  f  in the structure with fl ex-
ible hinge width (Figure  4 b) is much smaller than that of  θ  c  
with constant hinge width (Figure  4 c), leading to substan-
tial reduction in the maximum principal stress when com-
pared to structures with constant hinge width. Thus, a large 
increase in the tensile strength of hierarchical cut structures 
is obtained (over 30% increase for Level 4 and more increased 

strength for a higher level), especially at a level higher than 
3, as shown in Figure  4 d. This is because that upon loading, 
the larger the number of hinges with narrower width in the 
subsquare units is, the more susceptible it is to deformation 
than the structure with constant hinge width. So the narrow 
hinges at higher cut levels can bear the load earlier and 
more load than hinges with constant width, which is harder 
to open at the higher cut level. Thus, it largely reduces the 
load bearing of Level 1 hinges, rendering the smaller opening 
angle at Level 1, and the structure becomes more complaint 
as observed in Figure  4 e.  

 Through the combination of the aforementioned two strate-
gies, we are confi dent that the simple hierarchical cut method 
could lead to extremely stretchable and expandable soft meta-
materials, even from the least stretchable brittle materials, 
while attaining strength signifi cantly higher than the original 
continuous structure. 

 Finally, we explore the potential application of such con-
tinuously reconfi gurable metamaterials, which can tune 
phono nic wave propagation and fi lter specifi c bands of frequen-
cies, by simply control of mechanical strain induced pattern 
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 Figure 4.    Design of global hierarchical hinge structures to enhance the strength and stretchability of hierarchical cut PDMS structures by more evenly 
distributing loading among all levels of bear-loading hinges. a) Schematic illustration of the structural designs with constant and fl exible hinge width 
across all hierarchical levels in a representative unit cell. For constant hinge:  d  1  =  d  2  =  d  3  = … d n  ; fl exible hinges: the width decreases linearly with the 
increase of hierarchical levels, i.e.,  d  1 / a  1  =  d  2 / a  2  =  d  3 / a  3  = … d n  / a n  . Comparison of simulated principal stress contours in the same Level 4 structures 
with b) constant and c) fl exible hinge distributions at a stretching strain of 70%, where they have the same hinge width at Level 1. d) Comparison 
of maximum principle stress in hierarchical structures with respective constant and fl exible hinges as a function of nominal strain. e) Comparison 
of stress–strain curves in hierarchical structures with respective constant and fl exible hinges.
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transformation. Bloch-wave analysis is conducted using FEM 
to compute the phononic band structure of the hierarchical 
PDMS metamaterials at different level of macroscopic strains, 
where the normalized frequency is defi ned as � /20 TA Cω ω π=  
with  A  0  being the original RVE square unit length. /TC μ ρ=  
is the transverse plane wave velocity in the homogeneous mate-
rial. For PDMS, the initial shear modulus  µ  = 0.7 MPa and its 
density  ρ  = 1080 kg m −3  so that  C  T  = 24.8 m s −1 . 

  Figure    5  a–c shows the comparison of numerically calculated 
band diagrams between soft metamaterials with fractal cuts 
from Level 1 to Level 3 at the same representative stretching 
strain by normalized fracture strain  ε  f , / 0fε ε ε= =  (before 
deformation) and 1 (before rupture), respectively, where 
phononic bandgaps of forbidden frequencies are denoted by 
the gray fi lled area that in-plane waves could not propagate 
through. The evolution of the bandgap range as a function of 
the stretching nominal strain  ε  is shown in Figure  5 d–f. The 
pattern transformation in Level 1 structure is equivalent to 
that in holy slabs, [ 18 ]  where certain original bandgaps close 

and new bandgaps are formed during deformation (Figure  5 d) 
through mechanical strain. [ 17 ]  However, the introduction of 
hierarchical cuts shows a more complex bandgap structure and 
wider range of bandgap tunability that are not possible in 
Level 1 cut structure and simple periodic porous structures, 
especially at a lower frequency range due to its more com-
plex shape shifting. Before deformation, when a higher level 
of cuts is introduced, the original high forbidden frequency 
of 0.08–0.42 in Level 1 structure (Figure  5 d) is shifted to a 
lower frequency band of 0.01–0.22 in Level 2 (Figure  5 e), and 
to 0.005–0.118 in Level 3 cut structure (Figure  5 f). The higher 
the hierarchical level is, the lower frequency of bandgap it will 
generate, thus, more separate bandgaps at a lower frequency 
will be formed. After deformation, unlike the minor tunability 
of forbidden frequency fi lter in Level 1 cut structure as shown 
in Figure  5 d (where the width of most bandgaps nearly remains 
unchanged with the increase of strain), the applied strain has 
a more pronounced infl uence on the evolution of bandgap 
structures for higher levels of hierarchically cut structures 

 Figure 5.    Tunable phononic bandgaps through deformation induced structure reconfi guration controlled by mechanical stretching strain in the hierar-
chically cut PDMS structures. a–c) Calculated phononic bandgaps in structures from Level 1 to Level 3 before deformation (top row) and at the onset 
of fracture (second row), and  ε  f  is the respective measured fracture strain in Figure  1 b. Inset: the deformed lattice structures. The evolution of the 
calculated phononic bandgap map as a function of the stretching strain  ε  for the hierarchical metamaterials at d) Level 1, e) Level 2, and f) Level 3.
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due to their more complex pattern transformation, as well as 
higher strength for larger stretchability. As the applied strain 
increases, the width of most original bandgaps before defor-
mation in both Level 2 and 3 cut structures will narrow down 
dramatically and most bandgaps shift up to a higher frequency 
(Figure  5 e,f). In addition, more new bandgaps are open within 
the higher frequency range in Level 2, whereas for Level 3 
new bandgaps are open within its lower frequency range. 
We envision that the bandgap of hierarchically cut structures 
can be further tuned through control of either homogenous or 
hetero geneous distribution of hinge width across hierarchical 
levels for fi lter specifi ed low-frequency acoustic waves.  

 In conclusion, by taking into account of the real material 
properties of the constituent materials, we study the mechanical 
behaviors of hierarchically cut soft metamaterials. We inves-
tigate the stress–strain behaviors as a function of structure, 
bending- versus stretching-dominated deformation mode upon 
stretching of the metamaterials. By comparing experiments 
and fi nite element simulation, we reveal the origin of struc-
ture failure. Through rational design of the geometrical shape 
of the local hinges and the global hierarchical cut structures 
and hinge width, we obtain extremely stretchable and highly 
expandable soft metamaterials with largely enhanced structure 
strength (both fracture strain and tensile strength) compared 
to the noncut sheets for both elastomers and brittle materials. 
They show a hyperelastic material behavior as a result of hierar-
chically cut structures rather than the constituent materials. We 
show that continuous and reversible structure reconfi guration 
without hysteresis allows for dynamic tuning of the phononic 
bandgap width and position, thus, fi ltering undesirable lower 
frequencies through simple mechanical strains by the control 
of hierarchical cut levels. The insights presented here will be 
critical to realize a broad range of potential applications of 
mechanical metamaterials, including tunable optics and acous-
tics, [ 41,42 ]  scaffolds for conformable, stretchable electronics [ 32,37 ]  
and energy storage devices, [ 43 ]  biomedical devices, [ 28 ]  as well 
as foldable and deployable materials, with precisely controlled 
materials stiffness and mechanical response.  

  Experimental Section 
  Sample Fabrication : A thin PDMS sheet (≈80 mm long × ≈80 mm wide 

× ≈2 mm thick) was prepared from SYLGARD 184 silicone elastomer kit 
(Dow Corning) following the literature, [ 44 ]  where the precursor and the 
curing agent were mixed at 10:1 weight ratio and cured at 70 °C in oven 
for 2 h. The prescribed hierarchical cuts were introduced into the sheet 
using a laser cutter (EPILOG LASER 40 Watts). The marginal width left 
by cuts was measured to be 0.188 ± 0.08 mm (mean value). 

  Uniaxial Tensile Test and DIC Measurement of Strain : Uniaxial 
tensile test was performed using Instron 5944 with a 2 kN load cell 
to characterize the stress–strain behaviors. The stress–strain curve 
was calibrated based on DIC measurements. The extension rate was 
10 mm min −1 . Speckles were sprayed on the samples using an airbrush 
and India ink for DIC measurement. Images of the testing were 
taken at a rate of 1 fps (VicSnap, Correlated Solution) and DIC (Vic-2D, 
Correlated Solution) was used to track the deformation and obtain local 
strain contours. 

  FEM Simulation on Mechanical Response and Phononic Bandgap 
Calculation in PDMS : PDMS was modeled as a hyperelastic material (a 
third order Ogden model) with its materials parameters fi tted according 
to experimental data (Figure S3a, Supporting Information), where the 

measured initial shear modulus is  µ  0  = 0.71 MPa and the bulk modulus 
is  K  0  = 35.3 MPa. The mechanical response of hierarchical metamaterials 
was simulated using ABAQUS/Standard considering nonlinear effects of 
large displacements. An RVE of one square unit with hierarchical cuts 
was used to represent the periodic hierarchical structures with applied 
periodic boundary condition, where the thin cut sheet was modeled 
with plane-stress elements and locally refi ned mesh was applied to the 
uncut marginal to ensure the accuracy. The mesh density was validated 
from mesh convergence studies (see the Supporting Information for 
more details). Bloch-wave analysis was conducted using FEM software 
COMSOL Multiphysics 4.4 to compute the phononic band structure 
(see the Supporting Information for more details).  
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 Supporting Information is available from the Wiley Online Library or 
from the author.  
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